Abstract. The present paper develops a method to obtain a Gilbert-Varshamov type bound for dense packings in the Euclidean spaces using suitable lattices. For the Leech lattice the obtained bounds are quite reasonable for large dimensions, better than the Minkowski-Hlawka bound but not as good as the lower bound given in [1] . In fact, no sphere packings have been described that beat our bounds.
Introduction
It is a classical problem to find dense sphere packings in Euclidean space, see for instance [2, 3, 4, 7] for an introduction to this topic. is positive. It is clear that all balls with radius d(P)/2 and centers being points of P are not overlapping. Let U(P) be the union of all such balls, i.e.,
The density of P is defined by
, where vol(T ) denotes the volume of a subset T in R m . It is clear that ∆(P) ≤ 1. We are interested in dense packings, i.e., we want to find a packing with density close to the quantity ∆ m := lim sup
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c 1997 American Mathematical Society where P is extended over all packings in R m . Sometimes, it is more convenient to convert ∆ m into the center density which is defined by
The Gilbert-Varshamov (G-V, for short) bound is a benchmark for good codes in coding theory. The idea involved in the G-V bound can be employed for many other problems. In this paper, we use the idea to construct dense packings in R m by choosing a subset of certain lattice points. It turns out that the obtained G-V type bound is quite reasonable. For the orthogonal sum of copies of the Leech lattice, it is better than the Minkowski-Hlawka bound but not as good as the lower bound given in [1] . Up to now no sphere packings have been described that beat our bounds. A table for densities for large dimensions divisible by 720 is given in this paper.
Gilbert-Varshamov type bound
In this section we fix a lattice L of dimension m in Euclidean space R m such that all norms in L are integers, i.e. ||c|| 2 ∈ Z for all c ∈ L. For a point c ∈ L, define the ball B L,k (c) to be the set consisting of points in L with Euclidean distance from c at most
It is clear that B L,k (c) is a finite set and its cardinality, denoted by B L,k , is independent of its center c. In fact, we have
where S L,i is the number of lattice points of norm i in L.
One important invariant of L is its discriminant D, defined as the determinant of a Gram matrix of L with equals the square of the volume of a fundamental domain of L in R m (see [3] ). It measures the number of lattice points contained in a unit ball.
where V m is the volume of the unit ball in R m .
Proof. Clearly √ D is the volume of the Dirichlet domain 
Proof. For a sufficiently large integer b > 0 choose an arbitrary point c 1 from
This procedure constructs a subset C :
is not empty due to the fact that
Since norms in L are integral and ||c i − c j || 2 > r for i = j by construction, any two distinct points in the set C have Euclidean distance at least √ r + 1. Hence the balls around distinct c j with radius √ r + 1/2 are disjoint. When b tends to ∞ this yields
The desired result follows. Remark 2.3. As r tends to infinity, the right hand side of the inequality (2.2) tends to 1 2 m yielding asymptotically the same bound as the Minkowski-Hlawka bound, 1 m log 2 (∆ m ) ≥ −1. However, for smaller values of r the right hand side may be bigger, which yields a slight improvement of this bound.
Numerical results.
In applications one usually chooses orthogonally decomposable lattices
where D i denotes the discriminant of L i . We obtained the good results by choosing
with m = 24n 1 + 2n 2 + n 3 , 0 ≤ n 2 ≤ 11, 0 ≤ n 3 ≤ 1 where Λ 24 ≤ R 24 denotes the Leech lattice and A 2 the 2-dimensional hexagonal lattice. Then D 1 = 2 −24 ,
4 and D 3 = 1 and so log 2 (
The following table lists a few examples (truncated to the second decimal place). 
